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SUMMARY

This paper has been motivated by the lack of a system of class ifica tion for tilings
composed of square til es, whi ch is simple to use in speci fic applica tions of ceramic coverings ,
Th e paper uses the th eory of symme try groups on th e pl an e as a basis for a primary
classifi cation of tilings mad e up of square tiles , rectangul ar til es or sets of til es which form
a square or rectangular surface,

In parallel to the theoretical developm ent , thi s pap er sho ws existing tilings to illustrate
some of th e tilings described , with a table of occur rence of the different typ es of square til es
and the different tiltngs .

The resu lt obtaine d is a large number of tilings which may theoreti call y be gene ra terl
with the use of a single typ e of tile , Thi s res ult sugges ts the obtention of an infinite number
of til ings provided cons idera tion is mad e not of a single type of til e but ra ther a se t of tiles
wh ich form a square or rec tangu lar sur face ,

·469·



QUALI~96 ••
!Iii CASTELLON (SPAIN)

1.- INTR ODUCfION

The different treatments given to the subject of tilings and mosaics from suc h diverse
viewpo in ts as the hi storical ,geometrical, artis tic, architec tura l, and crys tallographic as pects
or th e algorithms used in computer graphics have inspi red th e basis of this pa pe r, wh ose
objective is the cataloguing of tllings,

Th is objective is justified by the fact that applica tion of the theory of gro ups is not
synthes ized for the cataloguing of ceramic coverings from the point of view of th e multiplicity
of tilings which may be genera ted from a single typ e of tile.

The di fferent ways in whi ch the various til ings may be genera ted is a result of the
applica tion of the theory of symmetry groups on the plane which has been fully covered in
the past. For this reason the procedure followed to carry out thi s work is based on th e
compila tion of the definitions of the differen t symmetry groups on th e plane also kn own as
crys tallographic gro ups on the plane or period ic groups , carried out by: Coxeter (l984),
Rose an d Stanford (quo ted in Alsina and Trillas, 1984 ), and Griinbau m and Shep hard (1nS7),
altho ugh we recognise that there exist others formulated by othe r research ers .

The applica tion of these plane symmetry gro ups to a marked squa re ti le (where a
squa re tile is underst ood to be that whi ch hears a moti f on its sur face whi ch assigns a
certain point symme try group to the tile) is the point of departure of thi s study thus obtaining
a primary classification of th e tilings formed by thi s type of tile .

From this classificat ion we have sought a corre lation with the classificat ion s carried
out by Griinbaum and Shep hard (19S7).

2. BASI C CONCEPTS

Transformation on the plane
A transformati on T on a set a (of geometri cal entities or tran sform ati on s) is an action

which changes the in itial state of a to a final state of a ' . In it a one -to-one corres po ndence is
esta blished between all the points on the plane. The action of transformati on may be den oted
as To = a '. If P is ano ther transformati on , then PTa is underst ood to be P(To ).

Iso metry
An isometry is a transformation on the plan e which conserves the distance, in such a

way that if p, q, are any two poin ts on the plane to which an isometry is applied , transform ing
the m into p ' , q ', segments pq and pq sha ll be equa l. Two types of isome try may occur on
the plan e.

Direct isometry, which conserves the direction and wh ich lIlay be:
- a rotati on around a poi nt called the centre of ro tation.
- a tran slati on in any directi on .

Op posed isometry, which inverts the direction . and which may he:
- a reflection in a line.
- A glide-reflection, reflec tion in a line combined with a translat ion parall el to

the line.
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Sym met ry
A symme try is an isometr ic tran sformati on which p ro duces an image s ta te

in distingui shable from the initial s tate. If S is a symmetry of a , then Sa = a.

Sy mmetry Group.
S(a) is a symmetry group of a set a , if it contai ns all the symmetries of a , i.e , if it

co ntains all the isometric transform ations which produces an image sta te in distingui shabl e
from the initia l state. Th e transformations of S(a) form a group if they sa tisfy the following
co nditions:

1.- given any two elements A,D of S(a), their produc t AD is in S(a).
Z.- given any three elements A,B,C of S(a), A(BC)=(AD)C.
3.- there exists an element I in S(a ), ca lled the identity elemen t such that IA=A for

each elemen t A of Sto) ,
4.- given any element A of S(a ), there exis ts an eleme nt A ' in S(a ) ca lled the inverse

of A, such that
A AI =A' A = I.

The number of mu tuall y different transformations is ca lled the "orde r" of the group.
The se t has symmetry or is symmetric if th e order of S(a) is grea ter than or eq ua l to Z. The
se t is asymme trica l if the order of S(a) is equa l to I , i.e, if S(a ) contains only the identity
elemen t.

Point Symmetry Gro ups .
Th ese may be cyclical and dihed ral:

a) Cycl ica l groups of the order n (Cn) are symmetry grou ps which con tain "n" angle
rota tions "Zit I n" aro un d a fixed point calle d the centre of ro tation. If n=l, a cycl ica l group
Cl exis ts which contains a single transformation, the identity.

b) Dihedral groups of the ord er 2n (On) are symmetry groups which contain "n" rotation s
around a fixed point an d "n" reflection s in "n" lines equally incli ned to each other which
pass th rough the same fixed po int. If n=l (0 1 of the order 2) there exists th e di hedra l group
which co ntains the identity and a reflection in a lin e. If n= Z (02 of the order 4), there exis ts
the dihedral group which contains the identity, two perpendicular reflecti on s and an angle
" It ", around a fixed poin t in which the lines of reflection int ersect. When "n" is greater than
or equal to :1, On is the symmetry group of a regular polygon with "n" sides . Fin all y, if n=~,

O~ contains all the ro ta tions around a fixed point and all the re flectio ns of lin es passing
th rough sa id poi nt. Th is is the symmetry group of a circular disc .

All gro ups Cn , On ("n" grea ter or equa l to I), have th e property of possessing a fixed
plan e point, and are th erefore calle d point symmetry gro ups, and are the only symmetry
grou ps which may have a closed compact set.

Sy mme try Gro ups in a Ribbon,
If the symmetry gro up co ntains a translation [na }, where "n" is an int eger and "a" a

vec tor of directi on , where any other isometry may be contained, we have an infinit e one­
dimension al gro up , or symme try gro up of a ribbon , s trip or frieze.

Sy mmetry Gro ups on th e Plane
If the symme try group contains two indep enden t translations wh ose direct ion is neither

parallel nor opposed {na -smb] wh ere "nand "rn " are int egers and "a" an d "h" are fixed vec tors,
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where any othe r isometry may be containe d, we have an infinite two-dimensional group or
symmetry group on the plan e,

If we take a fixed point on the plane and apply to it all the translations obtained by
combininc "n" translations of "a" and "m" translations of "b", we shall obtain a lattice ofo
points. In general. thi s lattice of points may be seen as the verti ces of a parallelogram. Th e
vec tors "a" and "b'' corres pond to any pair of adjacent sides of a parallelogram in the lattice.
From thi s latti ce may be extrac ted a region understood to be th e minimum region on the
plane which, by means of the application of the appropriate isometries will define the
compos ition of the parall elogram.

Crystallographic Constraint.
W, Barl ow (quoted in Alsina and Trill as, 1984) demonstrated that th e only rotations

which may form part of a symme try group are those of the order 2. 3. 4 or 6, i.e, th e rotations
of an angle of 1800

, 1200
, 900 and 600

• With this cons tra int. th ere only exist 7 symmetry
groups in ribb ons and 17 symmetry groups on the plane,

This pap er is centred solely on the genera tion of the 17 symmetry groups on the plane,
In order to distinguish each of these we have used the int ernational group symbo l (Griinbaum
and She phard . 1987, p.44) ,

Definition of the transformations which make up eac h of the 17 symme try gronps on
the plan e var ies accord ing to th e researcher, Table 1 sho ws those used by Coxe ter (1984),
Rose and Stafford (quoted in Alsina and Trillas, 1984) and Griinbaum and Sh ephard (1987),

Diagram of the Symmetry Group.
By diagram of th e symmetry gro up (Griinbaum and She phard, 19B7. p .37), we

understand that group in which the transformations. (reflection s. glid e-reflections . rotations
and transl ati ons) which define the symmetry group have been represented.

Isomorphism
Two symmetry groups S(cr1) and S(cr2) are isomorphic. if the group diagram of on e

can be made to coincide with the gro up diagram of th e othe r by application of a suitable
affinity (Griinbaum and She phard , 19B7, p.3B). Geometrically. thi s means that an y lattice
may be mad e to coinci de with another, using a su itable affinity, This may be described as
the application of a rigid movement. a change of scale 0 1' a change in th e angle between
axes, If S(crl) and stoz) are isomorphic. then o i and oz have the same point of sy mmetry,

Flat Tiling
This is a countable famil y of compac t closed sets which cover the plan e without gaps

or overla ps, Th e different closed compac t sets are called tiles . Th e th eory of symme try
gro ups may be applied to the tilings , thus to arri ve at the following concep ts:

Symmetry Groups of a Tile S(B): this is the set of symmetries which produce an image
state of the tile which is indistinguishabl e from the initia l one.

Symmetry Group of a Tiling S(E): thi s is the set of symmetries which trace each tile in
the tiling onto an y othe r.
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Classification of tilings by application of the group theory mu st face a great variety of
factors which ma y be involved therein, from the d iffer ent tile shapes which may exis t to the
rel ative arrangem ent of eac h tiIe with resp ect to the adjacen t til es, or the number of different
til es whi ch ma y appear in a tiling, as well as with many other factors . For th is rea son we
have in trod uced th e following constra in ts in th is first phase:

1. - All the tiles which ma ke up the tili ng are equal, in shape and size.

Z.- Th e tiling is edge to edge: i.e, the corners of the til es co inc ide with th e ve rtices of
the tiling, and the s ides of the tile with the edges of the tiling, and each side of a ti le is
preci sely th e s ide of ano ther til e.

3.- The tiling is periodic and symme trica l, i.e, th ere exis t in the sy m me try group of the
tiling S(E) at least tw o non -parallel translations and any sy mme try in add it ion to the id entity.

4.- All the sy mme tries of the tile are symme tries of the tiling, i.e, the transformati on s
which cons tit u te S(il ) are also transformat ions which are in S(E). This is analogou s 10

co ns ideri ng tha t for an y tw o til es in ti ling E, them ex ists a symme try in S(E) w hich tra ces
one of the til es on to the other, and that for eac h tile , th e symmetries of stU) are in one-to-one
corresponde nce with the sym me tries of S(E) whi ch trace B on itself.

This cons tra in t is equivale n t to conside ring only isoh edral tilings. Suc h tilings have
been defined hy Griinbaum and Shephard (1987 , p.31 ) as follows: "ifa ll the til es in a tiling
E are equiva len t, i.o. if the tiling's sym me try gro up S(E) co n ta ins a transformat ion which
tra ces one til e on to an other, the til es are sa id to form a tran sitive cla ss and the tili ng is sa id
to be til e-transiti ve or isoh ed ral.

5.- Th e sha pe of the til e makin g up the tiling is sq ua re , leading us to a sy mmetry gro up
for the til e of 0 4 (dihedral gro up of orde r 8). Th e sy mme tries of a square which leave it
ind isti ngu ishable from the initial one are :

- the ident ity
- the 4 refl ect io ns in the lines which , passing th rough the ce n tre of th e til e , for m

45°,900 , 1350 ,1800
•

- the 3 ro tations in the ce n tre of the til e of 900 , 1800
, Z700

•

At the sa me tim e, the squa re tile generates a tili ng E, whose sy mme try gro up S(E) is
1'4M. This mean s th at the sy mme try groups which co ntain ro tatio ns of GOOand/or 1ZOo,
s ince they are not su bgroups of 04 or P4M , may not be gene ra ted by a square til e. This
e lim ina tes the foll owing sy mme try gro ups in the tile: C3, CB, 0 3, OG, and the foll owing
sy mmetry gwups in the plan e: 1'3, P3Ml. P31M , PB, PGI,,!.

Finally, if we co ns ider that th e til e bears a marking on its surface , the sy mmetry gro u p
of the for mer shall I", modified by inclusion of the latter. In thi s case, the sy mmetry gro ups
of the marked tile S(Bm ) and the sym me try gro up of the marked til ing SfEm ]. are necessarily
subgroups of the sy mme try gro ups correspo nd ing to the basic unmarked tiling. In other
word s , the symme try gro up s S(il) and S(E) of the unm arked tiling will tend to be red uced
when the ma rk is introd uced in the tile, given that isom etri es may ex ist which are sy mme tries
of the unmarked til in g E but which are not syuuuetr ies of the marked tiling Em (Grunba um
and Shepha rd , 1987, p.Z70).
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isometrics applied to each of them which lead us to a determined symmetry group in the
tiling.

Th e nomenclature of any tiling mus t indicate the symmetry gro up of the til e or set of
tiles and the symmetry group of the tiling in that ord er.

Th e distinction between the tiling made up of a single type of tile. square or rec tangular,
and the tiling made up of a set of tiles . is made by mean s of the follo wing nomenclature
procedure:

a) Tiling mad e up of a single type of square til e: 5( 13) - S(E)

b) Tiling made up of a single type of square til e: S(B) ,R - S(E)

c) Tiling made up of a set of tiles: S(il ) (x .y] . S(E)

where " x " is the number of til es on on e side and "y" the number of tiles on the
adjoining side .

If the set of til es forms a square surfa ce. we have abbreviated it as follows: 5(13) (x) -
S(E)

In the case where there exists for the same typ e of tiles variou s til ings wit h th e sa me
symmetry group . these are dis tinguished by means of the ad dition of a number in parentheses:

S(H) - S(E)(l)
5(13) R - S(E)(1)
5(13) (x.y] . S(E)(l)

Tables 2 and 3 show the prop osed classifi cati on. In these, starting from th e sy mme try
group of th e til e or set of tiles. and cons idering the isometries applie d to each til e. one
obta ins the nomenclature of the tiling whi ch we propose. Th ese tables also sho w the
corres po n de nce between th ese nomenclatures and th ose proposed by Griinbaum and
Sh ephard (1987) .

6 .- CONCLUSIONS.

Th e classifi cati on obtaine d makes it poss ible to catalogue edge-to-edge tilings made
up of square til es. rectangular til es or sets of tiles which form a square or rec tangular surface.
according to the symmetry group of the ti le forming the tiling and according to the symme try
grou p of the tiling. Th e latt er is derived from the application of determined isom etri es to
th e tile or set of til es.

On anal ysis of the differen t diagrams of th e symmetry groups in the plane , tho
fundamenta l parallelogram s, we have observed that:

1-. 1ft he arrangement of the pa tterns in th e fundamental parallelogram respond s to or
is a consequence of the isometr ics which define the symmetry group of sa id parall elogram ,
th e latter de termines a tile with a certa in symmetry group which lead s us to a symme try
group of the tiling , in accordance with the classifica tion proposed . When this occurs, the
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fundamental parallelogram is one of the minimum regions and the tiling is isohedra l,

2.- If th e arrangement of th e patterns in th e fonda men tal pa ra llelogram is th e
co nseque nce of the addition to the isometries which make up the sy mmetry group of sai d
para llelog ra m. of other isometri cs not incl uded in th e symmetry group thereof. this
paralle logram determines a tile with a certa in symmetry group which leads us to a symme try
group on the tiling which shall be different to tha t indicat ed in the classifi cation. When thi s
occurs, the parallelogram sh all not be a minimum region and the tiling is not iso he dra l.
These cases are shown in the tables of diagrams of symme try groups in the plane using an
asteri sk in parentheses (* ). and its class ification is left to future stud ies .

It is also interest ing to indicate that in the case of the tiling with sy mm etry group C t .
we have found that the applica tion of the isometries corresponding to a determined sy mmetry
group in the p lane may genera te visua lly different tilings. This occurs when the arrangemen t
of the isometries which are to be appl ied to th e tile may be located in different position s.
i.e. when keeping the marked til e with the same ori entation. the positions of the isometrics
which are to be applied to it are moved cycl ically in a single directi on . In this wa y the
relative position s between the pattern and the isometries are mod ified. thi s gene ra ting
visuall y different tilings. Th ese cases are shown in Figures 2 to 7 by means of a number in
parentheses which indica tes the number of visually differenttilings wh ich may be produced.

It has been cons idered illus tra tive to give examples of the only tilings which may bo
genera ted with sq uare tiles. Figure 8 shows the tilings which may be obtained usi ng a til"
with cycl ical group Ct , C2 or (;4. and Figure 9 shows those obta ined with dihedra l ti les
DIC, 0 1L. 0 2C, 02L 0 04.

From th ese exa mples we may deduce that the til e Ct is th at which may genera te the
great est number of tilings (6 different ones). because the symme try group of the til e on ly
contains th e identity (Order 1). and the tiles whi ch can only gene rate one tiling are those
corres pon ding to symmetry group C4 (Order 4) and sy mme try group 04 (Ord er 8). In other
words, as th e order of the symmetry gronp of the tile is increased , the possibility of ohtain ing
different tilings made up of a sing le type of tile decreases.

The search for real exam ples which valida te the practical application of thi s work is
shown in Tabl e 4. Th ese exa mples, obtained from Barn ard (197\1) , Barros and Almas que
(1988). Catl eu gh (1983) , Gonzalez (1952). Lemmen (H188) and Porcar (1!l87), indicate th at
most of the applicati ons correspond to tiles with symmetry group 01 L (48 out of rz i) or 04
(31 out of 121), which gene rate tilings with symme try group P4M (1l4 out of 121). T he other
possib le tilings are used in very isolated applica tions in speci fic cases of ceramic co verings .
With the same object, Figures 10 an d 11 show two fragments of pavemen Is from the Museum
of Decorative Ar ts in Prague which exem plify th e 02 L-P4M typ e of tili ng according to the
proposed classificat ion. while Figure 12 shows another fragm en t as an exam ple of Tili ng
DIC(Z .1)-PMG.

Fina lly so me as pects are se t out in whi ch the authors are cur rently working. within
this line ofresea rch .

- modification of th e square or rectangular shap e by sha pes wh ich are also four-sid ed ,
but with angles in the vertices which are not !l0·.

- modifica tion of the sq uare or rectangul ar sha pe by shapes wh ich have a number of
sides other than four (trian gle, pen tagon, hexagon . etc. ).
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- modification of the set of square tiles which form a square or rectangular surface, hy
a se t of square til es which do not form a rectangular sur face .

- use of combina tions of sets of tiles of different shapes.

- introducti on of th e pattern drawing (geometrica l. heraldic, anthropomo rphic, floral ,
vegetabl e. etc.) into the classifica tion.

- in troducti on of colour into the classifica tion.
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- TABLE 1 -

lntrmatinn.1 Coxeter Rose and Stafford Griinbaum and Shep hard
Gro up
Symbol

PI 2 translations No s"'mmel:t: axes 2 tran slat ions
Noglide-re ecti on axes
Maximum turning order =1

PM 2 reflections Svmmet rv axes 2 translations
No reJ:,:ndicular symmetry axes 2 reflections
No gli e-reffecuon axes

I'G 2~rA~If! 1 glide- Glide-reflection axes 2 trans lations
re cellon! No svmmetrv exes 2 glide-reflections

NoPerpendicular glide-reflection axes

CM I reflection Srmmctrv exes 2 trans lat ions
1 \1:ra ~l el glide- r. ide-reflection axes parallel to those of symmetry 1 glide-reflection
(I' ecnon No pcd:cndicular symmetry axes 1 reflection

No gli e-ref lection axes perpendicular 10 those of symmetry

1'2 3 half-turns NoSrmmp.lrvaxes z translattons
No g tde-rcffec tion axes 4 Per iod 2 rota tion s
Maximum turning order e Z

CMM 2 h; rp;-ndicular Svmmetrv axes 2 tran slations
re ecnons Perpendi cula r symme try axes 2 gl ide-re flectio ns
t hall-tum No Order 6 or Order J turning cent re 2 reflectio ns

Symmetrygroup of the rectangleformedby$~'III[J\('Uy axes ::C2 4 Period 2 rotat ions

PMM Th e reflections Svmmetrv axes ztranslarions
in the four sides Perpendicular sym metry axes 4 reflect ions
of a rectangle No Order 6 or Order 3 turning cent re 4 Period 2 rotation s

Symmetry group of the rectangle formedbys)m mefryv.cs " ( 1

I'GG 2 P!'rpend icul ar Reflecti on axes 2 tran slal ion s
glide- reflections Perpend icular glide- reflect ion axes 2 ~li rl e-ren eclions

No symmetry axes 2 enod 2 rotati ons

PMG 1 reflecti on Sr nune try axes 2 tran slation s
2 half-turns G ide-reflecti on axes perpendicu lar 10 tho se of symmel....· 2 glide-reflectio ns

No perpe ndic ular symmetry axes • 1 reflection
2 Per iod 2 rotations

1'3 21204 lums No~mmctry axes 2 lran slati ons
No ide- reflection axes 3 Period 3 to terions
Maxim um turning orde r ... 3

P3MI 1 reflection Symmetry axes ztranslauons
1120" tum Pe~ndicular sym metry axes 1 glide-reflection

Or er 3 turni ng centre t reflection
Symmetry~up of th e triangl e formed bv thre e svmmet ....· 3 Period 3 rota tions
axes suc ti 1 at no othe r svmmet....· ax is iniersects II :: Ct .
No Orde r 6 turn ing centre .

P3IM Tho reflections Sym metry axes ztranslauous
in th e three s ides p~end icu lar symmet ry axe s 1 gltde- reflection
of an equilat eral a er 3 turning centre 1 reflection
triangl e Sy mmetry~IIP of the triangl e formed by three svmmetrv 2 Period 3 rotations

axes such t at no othe r sv mrnetrv axis intersect s It = C3 or OJ
No Order 6 turning cent re .

P. 1 half- tum No Sl'1llmeltt; axes Z trans lat ions
1/4 tu m No glide-re ect icn axes 1 Period Z rotat ion

Maximum turn ing order e 4 Z Period 4 rotat ions

I'. G 1 reflecti on Sv mmetrv axes 2 tran sl ations
1/4 tu rn Perpend icu lar symmetry axes 2 gl id e- reflections

Sy mmetry group of the rcetan~H formed by svmrm-trv IIXPS '" Col 1 re flect ion
No Order 6 or Order 3 tu m mg centres - - . 1 Pe riod 2 rotat ion

1 Period 4 rct nt ion

P4M Th e rotl ectlnns Sy m metry Axes 2 tran s la t ions
in the three sid es Perpendicular sym metry nxus 1 gli de-refl ec ti o n
of a triangle with ~nunelr)' gmup oft he rectan gle formed by symmetry axes IE Ul or [)2 3 refl ec tions
an~es o f 4 5°,45" o Ord er Ii o r O rd er 3 tu rning centres 1 Period 2 ro ta lion
an 90 " 2 Pe ri od 4 ro ta tions

1'6 I hal f-tum No srmmctrv axes 2 tra n s lation s
1 120 ° tu m No g ide-reffec tton axes 1 Peri od 2 ro ta tion s

Maxim um tu rn ing order e 6 1 Period 3 rotati on
1 Period 6 rotatio n

P6M The- reflcd.ion.~ in Symmetry axes 2 tra nsla tions
the three sides of a Pe~endicular symmetry axes 1 Period 2 ro la ti on
tri~e with illlWUS Or er 6 turn in g centre • 1 Period 3 rnt attnn
of 30 , fd and \10° 1 Pertod 6 rotation

2 gli de- re flec t ions

Z reflection s
,
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SQUARE fETANGU.AA
TILE TILE

P1 SYMMETRY GROUP
DIAGRAM
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TlUNGS APPLI· C1 C2 rc< DIC OIL D2C D2L D4 PI P.. PIT <:M P2 C.... P.... PGG P..G P4 NG P4"

CATION

Cl -Pt 1 1 1

Cl ·P2(l) 0 0 0

C1-P2( 2) 0 0 0

Cl·P4 1 1 1

C2-P2 0 0 0

C2·P 4 0 0 0

C4-P4 8 8 8

DIC·PM 8 8 8

DIC-PMG 0 0 0

DIC·P MM 9 9 9

OIC-eMM 0 0 0

OIL-GM 1 1 1

Oll-PMG 1 1 1

DIL·P4G 0 0 0

Dll·P4M 46 46 46

D2C- PMM 7 7 7

D2C -P4G 0 0 0

D2L-e MM 1 1 1

D2l·P4M 7 7 7

D4·P4M 31 31 31

TOTAL 121 2 0 8 17 48 7 8 31 1 8 0 1 0 1 16 0 1 9 0 84

- TABLE 4 ·
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CASTEL L6N (SPAIN)
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